The Haldane state is a typical quantum and topological state of matter, which exhibits an edge state corresponding to symmetry-protected topological order in a one-dimensional integer spin chain. This edge state can be utilized for a processing unit of quantum computation. Its realization, however, has difficulties with synthesis of integer spin compounds. In contrast, one-half spin systems are more designable due to recent progress on intended synthesis of organic materials, quantum dots, and optical lattices. Here we propose a concept to design the Haldane state with one-half spins by making use of a chain composed of one-half spin clusters. If the clusters contains two spins, the ground state of a chain corresponds to the Affleck-Kennedy-Lieb-Tasaki state. In the case of an odd number of spins in the clusters, we propose a concrete procedure to construct a field-induced Haldane state. We illustrate the procedure with a 5-spin cluster chain.
The concept of topology has given us clear perspectives on the state of matter annoyed by quantum and/or thermal fluctuations. In condensed matter, the topology provides robust physical properties against disturbance of circumstance. For instance, topologically-protected quantum computing has been proposed in a topological superconductor [1] [2] [3] [4] , and a flat band in topological matters is expected to heighten the critical temperatures of fractional quantum Hall state [5] [6] [7] and surface superconductor [8] . Among many topological matters, one of the simplest models is the Haldane state in a quantum spin chain in which an integer spin is antiferromagnetically coupled to the nearest-neighbor spins. This state has been firstly proposed by F. D. M. Haldane in 1983 with a famous conjecture [9] : an antiferromagnetic spin chain of integer spins (S = 1, 2, 3, · · · ) [10] has a finite excitation gap above the ground state. As a characteristic of the S = 1 Haldane state, Affleck-Kennedy-LiebTasaki (AKLT) have shown a hidden topological order, so-called string order, in a clear schematic of the rigorous ground state [11] [12] [13] [14] . In this theory, an S = 1 spin is decomposed into two virtual S = 1 2 spins. As the ground state, the virtual S = 1 2 spins of neighboring sites are anti-symmetrized, and the virtual spins at each site are symmetrized as a real S = 1 spin. Hence, the ground state retains a strong entanglement between neighboring sites, where a finite string order appears. Furthermore, F. Pollmann et al. have shown a qualitative diffrenece between S = odd and even Haldane chains [15] , which is so-called symmetry-protected topological order. Recently, G. K. Brennen and A. Miyake have proposed the concept of holographic quantum computing using the symmetry-protected topological order in the Haldane state [16] . There are, however, few compounds possessing the S = odd spins in one dimension [16] [17] [18] . Here we propose a concept to design the S = 1 Haldane chain with one-half spin clusters, which will be designable in organic materials [19] , quantum dots [20, 21] , and opti- * sugimoto.takanori@rs.tus.ac.jp cal lattices [22, 23] . Moreover our concept enables us to directly observe the entangled quantum state of one-half spins in the Haldane state, which is applicable to the quantum computing at the dawn of designable quantum states based on one-half spins.
In the present study, we call a model given by the following Hamiltonian a spin cluster chain (SCC),
where L is the number of clusters, and
with N being the number of spins in a cluster, are a set of intra cluster bonds and a set of inter cluster bonds, respectively. For simplicity, we consider only the Heisenberg interactions as interactions between one-half spins. As a condition of cluster chain, we assume that the intra cluster interaction Figure 1 shows the ground state of this model schematically, where a transparent ball including arrows represents a spin cluster, which is connected by a weak inter cluster interaction (a transparent bond between balls). Temperature dependence in this system is divided into three stages by two characteristic temperatures T 1 < T 2 :
• High-temperature region (T > T 2 ∼ J intra ) Every spin behaves independently such like the Pauli paramagnetism. In Fig. 1 , the transparent balls and bonds melt, and every spin (arrow) rotates freely.
• Middle-temperature region (T 1 < T < T 2 ) The magnetic behavior in this region is understood by an isolated cluster of spins. Here the inter cluster interactions are effectively ignored by thermal fluctuation. In Fig. 1 , spins included in a ball interact with each other, although the spins do not affect spins belonging to the next balls.
• Low-temperature region (T < T 1 ∼ J inter ) A part of spin degrees of freedom is frozen, so that only the ground/low-energy states in a cluster contribute to many body interaction due to the inter cluster interaction. In Fig. 1 , every ball is frozen, and thus spins in a ball do not move independently. However balls can rotate independently while the inter cluster interaction works on them. At zero temperature, the balls definitely stop due to the inter cluster interaction as expected in the ground state.
Recent experimental study supported by our theoretical analysis has shown that a naturally occurring mineral Fedotovite K 2 Cu 3 O(SO 4 ) 3 is a SCC whose ground state is the Haldane state [24] [25] [26] . In this material, six S = 1 2 spins form an edge-shared tetrahedral cluster, and the clusters stand in line. The ground state in a cluster has been determined by the intra cluster interactions, which are estimated by the magnetization curve and the magnetic susceptibility in the middle temperature region (T 1 < T < T 2 ). Since the estimated interaction parameters have indicated that the ground state of Fedotovite is a triplet, the spin degree of freedom corresponding to an S = 1 spin effectively survives in each cluster at low temperatures. We thus expected the emergence of the Haldane state caused by a weak inter cluster interaction. In fact, an inelastic neutron scattering experiment and magnetization measurement below T 1 ∼ 4 K have confirmed the existence of the first excitation gap originating from the inter cluster interaction.
What is the condition of the Haldane state in SCCs? To clarify the condition, we start from an S = 1 2 spin ladder, which exhibits the Haldane state as the ground state, if the rung interaction is ferromagnetic [27, 28] . Figure  2 (a) shows the spin ladder, which corresponds to a 2-spin cluster chain whose cluster is a rung, if the cluster condition |J ′ | ≪ |J| is satisfied. When the intra cluster interaction is ferromagnetic J < 0, the ground state is a triplet [ Fig. 2(b) ], and the low-energy physics is well described by an effective S = 1 spin. Moreover, the inter cluster interaction is rewritten by a Heisenberg interaction between neighboring effective spins. Hence, the effective model at low temperatures is a Heisenberg chain of effective S = 1 spins, i.e., the S = 1 Haldane chain. Figure   2 (c) shows the schematic ground state of the spin ladder for J ′ > 0. In the ground state, the spin configuration of a rung is symmetric because of the triplet states, and that of neighboring rungs is anti-symmetric due to the antiferromagnetic inter cluster interaction. Consequently, this ground state corresponds to the AKLT state, where the real S = 1 spin is regarded as an effective S = 1 spin of a rung.
These examples intuitively give us the following conditions to realize the Haldane state in a SCC [29] .
I. The ground state of a cluster is triplet.
II. The inter cluster interaction is weak enough as compared with the first excitation gap in a cluster.
III. The effective inter cluster interaction between clusters' ground states is antiferromagnetic and planarlike (XY or Heisenberg type).
We call the ground state satisfying these conditions cluster-based Haldane state (CBHS), where the string order defined by the effective spins should be observed. In the CBHS, the string and spin correlations are defined by,
whereS z j is the z component of S = 1 effective spin operator of jth cluster. For the numerical calculation in this study, we set j = L 2 − r 2 , where the floor function ⌊x⌋ represents the integer part of x. In the following, we illustrate the CBHS with two cases, where the number of spins N in a cluster is either even or odd.
First example: a 4-spin cluster chain (an N = 4 SCC).
-As explained above, the spin cluster in Fedotovite is edge-shared tetrahedra, where six S = 1 2 spins form a cluster [26] . In the spin ladder model, the cluster contains two S = 1 2 spins. Both the cases correspond to the N = even condition, particularly N = 2 (mod. 4). Additionally, in Ref. [26] , we have examined the CBHS in SCCs where the intra cluster interactions have the same symmetry as the cluster of Fedotovite. In the SCCs, the conditions for the CBHS are satisfied when the number of spins in a cluster is N = 2 (mod. 4). Is the condition of N = 2 (mod. 4) necessary to exhibit the CBHS? The answer is no. As an example of N = 0 (mod. 4), we show the CBHS in a 4-spin cluster chain given by the following Hamiltonian,
(1,2) − Hs 
and
Cluster Spin I n t e r c l u s t e r i n t e r a c t i o n ) is represented by arrows. We assume that spins in a transparent ball (cluster) strongly interact with each other, and that the spins weakly interact with spins in the next balls. The detailed behaviors in three temperature regions are explained in the main text.
where the intra (inter) cluster Heisenberg interaction Hs
) and an angle θ (φ) controls the ratio of intra (inter) cluster interactions. This model is shown in Fig. 3(a) .
Figure 3(b) shows that the ground state of a cluster is triplet [condition (I)] for θ ∈ [θ 1 , θ 2 ]. Since the intra cluster Hamiltonian is symmetric with respect to the inversion σ j : (S 1,j , S 2,j , S 3,j , S 4,j ) → (S 2,j , S 1,j , S 4,j , S 3,j ), the triplet ground state |t
We thus obtain the S = 1 effective spin operators,S
, by projecting spin operators onto the triplet state through
with the projection operator P j = γ |t γ j t γ | j . Consequently, the inter cluster interactions with φ = 
Assuming J inter ≪ J intra [condition (II)], we should obtain CBHS as the ground state in the 4-spin cluster chain.
To confirm the existence of the CBHS, we have calculated the magnetization curve and correlation functions using the variational matrix product state (VMPS) method [ Fig. 3(c) ] [30, 31] . We can see the magnetization plateau at magnetization M = 1 [see the inset of Fig. 3(c) ] because of the free spins at the edges of chain, which indicates the existence of the CBHS. In Fig. 3(d) , we can find another evidence of the CBHS that the string correlation converges on a constant value, while the spin correlation decreases exponentially with increasing the cluster-cluster distance.
As compared with the first example, the N =odd cases require a little more burden to find the CBHS due to the Kramers' theorem: the energy levels of the system containing an odd number of electrons/spins in the presence of the time reversal symmetry should have even-fold degeneracy. Obviously, this theorem interferes with the condition (I). To overcome this inconvenience, we introduce the magnetic field into the model Hamiltonian H 0 (1), which breaks the time reversal symmetry and recover the condition (I) to obtain the CBHS in an N =odd SCC. Since the magnetic field is easily controlled in the laboratory, this procedure is not against to our purpose for designing the Haldane state with one-half spins for the practical use. The magnetic field is introduced by the Zeeman term: H = H 0 − h How do we find solutions of the condition (i) for the N = odd spin cluster? The condition (i) requires three different total spins S = S 0 , S 0 + 1, S 0 + 2, so that N ≥ 5 is required. The number of bonds in an N ≥ 5 cluster is too large to search solutions in the full parameter space, e.g., a 5-spin cluster has 10 bonds. In other words, we have to search the solution in ten-dimensional parameter space. Instead, we propose the following procedure in the present study. Firstly, we find a trivial solution in a cluster where two subsystems having the same gap ∆ are weakly coupled via an exchange energy αJ (J > 0 is the energy unit of cluster and α ≪ ∆/J) as shown in Fig. 4(b) . In this model, α = 0 corresponds to a trivial solution of the condition (i), i.e., δE S0 = ǫ S0+2 −2ǫ S0+1 + ǫ S0 = 0, and the sign of δE S0 changes from negative to positive at α = 0 with increasing α as explained below. Next, we introduce a parameter β independent from α in order to deform the model parameters. The parameter β is chosen as one of model parameters to deform the model into a simpler one: β = 0 (β = 1) corresponds to the trivial model (a simpler model). For instance, β is introduced to decrease the number of interactions or to equalize the strength of several interactions. In the parameter plane of α vs. β, the trivial point is located at (α, β) = (0, 0). Since δE S0 is continuous in the parameter space, the boundary between the regions of positive and negative δE S0 spreads around the trivial point (α, β) = (0, 0) [see Fig. 4(c) ]. Hence, we can trace the boundary satisfying the condition (i), i.e., δE S0 = 0, by deforming model parameters from a trivial point to a non-trivial one correponding to a simpler model in the parameter space.
As mentioned above, we firstly start from giving a trivial model of a cluster with odd-number spins, where two subsystems of the cluster weakly couples via an exchange energy αJ. Figure 4 (b) shows a 5-spin cluster as an example of N = odd clusters, where the cluster is devided into two subsystems of three and two spins. If the two subsystems have the same energy gap ∆ between the lowest levels of the total spin S (S ′ ) and S + 1 (S ′ + 1), the lowest energy of the total system for the total spin S 0 , S 0 + 1, and S 0 + 2 with S 0 = S + S ′ is given by,
Since δE S0 reads
the condition (i) given by δE S0 = 0 is satisfied when α = 0. We note that δE S0 changes its sign at α = 0 if S = S ′ + 1 2 . This sign change is useful for finding a simpler model in the parameter space of α and β. Figure 4 (c) shows a schematic behavior of δE S0 in the α vs. β space. The white (purple) region in the α-β plane denotes the (positive) negative δE S0 , so that the boundary of the two regions denoted by the solid black line stretches around the trivial point (α, β) = (0, 0). Consequently, we can deform the model parameters by tracing the δE S0 = 0 line from the trivial point [see Fig. 4(c) ]. Based on this strategy, we have tried several deformations of parameters by changing β on the boundary to obtain a simpler model. As an example, we can find the following deformed Hamiltonian of a 5-spin cluster with an additional angle λ controlling interactions in each subsystem:
with
where the deformation parameter β determines two coefficients
In this model, β = 0 gives the situation of Fig. 4(b for the other {S 4 , S 5 }, which are connected by the weak coupling α, have the same energy gap. On the other hand, β = 1 corresponds to a simpler model where the coupling constant sin ζ β = 0, cos ζ β = −1, and ξ β = cos λ. . We can find that the δE S0 = 0 boundary connects between (α, β) = (0, 0) and (α, β) = (α c , 1) with α c = − sin λ. We thus obtain the following simpler model, which we call a bowtie cluster, as a solution of the condition (i).
Second example: a 5-spin cluster chain (an N = 5 SCC). -As discussed above, we have found that the 5 spin cluster described by H(λ, α c , 1) (clst) (17) satisfies the condition (i) for λ = 
and . Interestingly, we can see that the condition (i) for
gives the lowest energy, which is the same as the case for λ ∈ [0, λ 1 ].
We therefore expect the FIT as the ground state of a cluster at the critical magnetic field [condition (ii)], where the effective spin operator with S = 1 is given byS
Since the projection operator into the FIT space is given by P j = m= |m j m| j , we obtain the projected magnetization of a cluster
m |m j m| j , so that the z component of effective spin corresponds to the magnetization of a cluster decreased by L is the saturated magnetization. Note that the CBHS in an N = odd SCC is induced by the magnetic field, so that we call it field-induced Haldane state. To confirm this gap, we have calculated magnetization curve with a weak inter cluster interaction using the VMPS method [see Fig. 5(c) ]. In Fig. 5(c) , the small magnetization plateau is observed at M = 3 5 M sat + 1, because the Haldane state has free spins at the edges of chain. Moreover, we confirm the existence of string order based on the effective spins in Fig. 5(d) , while the spin correlation decreases exponentially.
In summary, we have studied the CBHS emerging in SCCs at low temperatures, motivated by the discovery of the CBHS in Fedotovite. The CBHSs have been found in SCCs of one-half spins which contain not only an even number of spins but also an odd number of spins. For the cluster with the even-number spins, the three conditions (I), (II), and (III) are useful for finding the CBHS in SCCs. For the odd number case, the condition (I) is replaced by the two conditions (i) and (ii) and magnetic fields have to be applied. To find a simpler model that exhibits the Haldane state for the odd number case, we have proposed a procedure of deforming parameters starting from a trivial point where the condition (i) is satisfied in the original parameter space. Using this procedure, we have found a simpler model exhibiting the CBHS evidenced by the magnetization plateau and the string order, i.e., a field-induced Haldane state. Since the Haldane state is proposed to be a possible holographic quantum computer, our concept of designable spin systems exhibiting the CBHS is useful for its application. 
